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sistemas simples

con y sin análogo clásico

OTOC & dinamica subyacente



caos clásico

“Caos cuántico”

“Einstein’s Unknown Insight and the Problem of Quantizing Chaos” D. Stone, 
Physics Today (2005)

“

“

— Einstein, DPG meeting 1917 

sistemas clásicamente caóticos, cuantizados



identificar  
el caos cuántico



Estadística espectral 
matrices aleatorias



Peres 1984

Sensibilidad a perturbaciones en 
el Hamiltoniano

Dinámica



M(t) = |h |U�(�t)U0(t)| i|2
<latexit sha1_base64="YiyhD3EIVokqkFwM0sCvEarlRjw="></latexit>

Jalabert & Pastawsky 2000

“Loschmidt echo”

Peres 1984

U0(t)
<latexit sha1_base64="dYHRRXnF430YIMSxtDSqUfMZXgI="></latexit>

U�(t)
<latexit sha1_base64="7hn91F65prC6DiWPZ/fG69pwXhU="></latexit>

U�(�t)
<latexit sha1_base64="rMTptynLDp+/MEzBWjrgyzWdGPM="></latexit>

🇺🇾 🇦🇷

régimen (Lyapunov) 
independiente de la perturbación

Sensibilidad a perturbaciones en 
el Hamiltoniano

Dinámica



Espectro
Estadistica de niveles

dynamics Loschmidt echo

estructura de 
autoestados

localización 
termalización 
entropía de 
entanglement 

Survival probability

Huella digital 
del Caos Cuántico

gap ratios



16’ OTOCS:	out	of	time	ordered	correlators

efectos de una perturbación B en la evolución de A: operator growth

Â, B̂
<latexit sha1_base64="pd/X9GmHds7BgZzi+V6OR7BBhsQ="></latexit>

Hermitian, then C(t) = 2(1� Re[hhÂt B̂Ât B̂ii]
<latexit sha1_base64="UkgrGBf151B4n083TuIe9uAqRPY="></latexit>

yo lo llamo O1(t)
<latexit sha1_base64="of5mD2hOgQJkR5NeLPdtsWBZhWY="></latexit>

Maldacena, Shenker & Stanford (JHEP 2016)

Larkin and Ovchinnikov 69

algunos llaman a esto OTOC



operator basis

W(t) =
∞

∑
ℓ=0

(it)ℓ

ℓ!
[H, …[H, W ], …]

Scrambling describe el proceso por el cual una perturbación 
inicialmente localizada se desparrama sobre los grados de 
libertad en un sistema complejo 

ℓ

̂V Ŵt

t

4 { ̂I, X̂, ̂Y, Ẑ}
43
45
47

⋮



bound on chaos

Fast Scramblers  
(Sekino and  Susskind, 2008)

Sachdev-Ye-Kitaev saturates bound

Quantum information scrambling

thermalization and fluctuation theorems

C(t) ⇠ e�t
<latexit sha1_base64="0R8TcxvRtvKrxX746r+MgwGrrJ0="></latexit><latexit sha1_base64="s3eY/6RRyAyZoCPhWGpkqfwvPOo="></latexit><latexit sha1_base64="s3eY/6RRyAyZoCPhWGpkqfwvPOo="></latexit><latexit sha1_base64="vgtfo4IRs13wGzKUVxBPbmQYkzY="></latexit>

�  2⇡
kBT

~
<latexit sha1_base64="NDs1w695OENLF2l2IOaWjOz0Nwk="></latexit><latexit sha1_base64="+Tp251qJPOz9VOg36J4dNO+5iaU="></latexit><latexit sha1_base64="+Tp251qJPOz9VOg36J4dNO+5iaU="></latexit><latexit sha1_base64="OZpugT5xvLXlrhgyF4m2frsaZ5Q="></latexit>

many-body localization

ADS/CFT correspondence

Maldacena, Shenker & Stanford (JHEP 2016)

entanglement witness
ESQPT

Black holes



h
X̂t, P̂

i
! Poisson bracket = i~ �x(t)

�x(0)
⇠ e�t

<latexit sha1_base64="ukzUwMFkg+1J+RKFn/crKne24jI="></latexit><latexit sha1_base64="+DgbCe+yebGSCrZ5fV2MCRRj+L0="></latexit><latexit sha1_base64="+DgbCe+yebGSCrZ5fV2MCRRj+L0="></latexit><latexit sha1_base64="KEDWOVvmxJXnmO6EU2UUxNQGaP4="></latexit>

C(t) = �
⌧h

X̂t, P̂
i2�

⇠ e2�t

<latexit sha1_base64="J5MA781VD77Oy+SLoRYrRPt/3Gg="></latexit><latexit sha1_base64="jnZcyVYGdyGcle1gl4r7mJFiFKo="></latexit><latexit sha1_base64="jnZcyVYGdyGcle1gl4r7mJFiFKo="></latexit><latexit sha1_base64="GwHjhUpjZK2ytOdCDvzTStxc02Y="></latexit>

Lyapunov



Gärttner, M. et al. Measuring out-of-time-order correlations and multiple quantum 
spectra in a trapped-ion quantum magnet. Nat. Phys. 13, 781–786 (2017).  

Li, J. et al. Measuring out-of-time-order correlators on a nuclear magnetic resonance 
quantum simulator. Phys. Rev. X 7, 031011 (2017).  

Wei, K. X., Ramanathan, C. & Cappellaro, P. Exploring localization in nuclear spin 
chains. Phys. Rev. Lett. 120, 070501 (2018).  

Meier, E. J., Ang’ong’a, J., An, F. A. & Gadway, B. Exploring quantum signatures of 
chaos on a Floquet synthetic lattice. Phys. Rev. A 100, 013623 (2019).  

Mi, X., Roushan, P., Quintana, C., Mandra, S., Marshall, J., Neill, C., ... & Chen, Y. (2021). 
Information scrambling in quantum circuits. Science, 374(6574), 1479-1483. 

M. S. Blok, V. V. Ramasesh, T. Schuster, K. O’Brien, J. M. Kreikebaum, D. Dahlen, A. 
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. .
 . 

. .
 . 

Experimentos

seguro hay muchos más



tiempos chicos

caso más simple



cuántico

unitary

Mapas en el toro

1

N
<latexit sha1_base64="SCU5jKgWZdE+AIanMkL7HI7Q2q4="></latexit><latexit sha1_base64="JaGllPgU1+fAU3WAhpr9j36Vdyw="></latexit><latexit sha1_base64="JaGllPgU1+fAU3WAhpr9j36Vdyw="></latexit><latexit sha1_base64="Btjh7lamWrWn5Pw4dNCWveEThvM="></latexit>

0
0

1

1

q
<latexit sha1_base64="YQLCZ7o2ctzmIXomXpd+slPkSCE="></latexit><latexit sha1_base64="96HCU9vAihtc2/4edGO6Rpf5gWM="></latexit><latexit sha1_base64="96HCU9vAihtc2/4edGO6Rpf5gWM="></latexit><latexit sha1_base64="481f/tupcX1zUNWliO1+Pz+OkIg="></latexit>

p
<latexit sha1_base64="6BJEO8Dyjw1EzjQxvmuRE7C1R+Y="></latexit><latexit sha1_base64="faAUByDZXS15P+CjkYtlJIqv2CA="></latexit><latexit sha1_base64="faAUByDZXS15P+CjkYtlJIqv2CA="></latexit><latexit sha1_base64="kSxb3NcmQ5BpQ+mou1fLj+Aih5k="></latexit>

✓
q0

p0

◆
= F

✓
q
p

◆�

<latexit sha1_base64="zX4wLYrRwJzUGelX5uKKRgjvlvo="></latexit><latexit sha1_base64="JqLyB0+H44GBQclHWx/I0GVeGDQ="></latexit><latexit sha1_base64="JqLyB0+H44GBQclHWx/I0GVeGDQ="></latexit><latexit sha1_base64="WnJMfmcjOriJt3Kot4uXVmBNMx0="></latexit>

lineal por partes:  panadero

no lineal: standard, Harper…

mod 1
<latexit sha1_base64="JEOuojFeVKmlW1XJpgKnyxkjpZA="></latexit><latexit sha1_base64="+UDqPx7XjsUe48l/3h5fCwgbm1I="></latexit><latexit sha1_base64="+UDqPx7XjsUe48l/3h5fCwgbm1I="></latexit><latexit sha1_base64="zVyGNuwH5F7k0/P7znCmMksPzdU="></latexit>

clasico

lineal: mapa del gato

U (N × N)

ℏeff = 1/(2πN)



Gato de Arnold
V. I. Arnold and A. Avez, Ergodic 
Problems of Classical Mechanics (1968)



mapa del gato

p0 = p+ q � 2⇡k sin[2⇡q]
q0 = q + p0 + 2⇡k sin[2⇡p0]

mod 1.
<latexit sha1_base64="H7lieabroUegNJ0YMYr/QprLjGQ="></latexit><latexit sha1_base64="H8iks3tV40hjsnUANZWfDuXbtjg="></latexit><latexit sha1_base64="H8iks3tV40hjsnUANZWfDuXbtjg="></latexit><latexit sha1_base64="LHs7UyeJQLcmkri6YSkv7BR6Obo="></latexit>

� = ln

 
3 +

p
5

2

!

<latexit sha1_base64="ub/EXDLJqZwhD9hC9zEcvq7QUgA="></latexit><latexit sha1_base64="5hWAWFZbnVMKnWaAtmILJ4zY/tY="></latexit><latexit sha1_base64="5hWAWFZbnVMKnWaAtmILJ4zY/tY="></latexit><latexit sha1_base64="XtodNW+ihwsRVULSc5hSqMJ2laY="></latexit>

✓
q0

p0

◆
= M

✓
q
p

◆

<latexit sha1_base64="2AZbnYHNMyNMMxQZqQ6K2jUsAr8="></latexit><latexit sha1_base64="lh1cb6i60cgCrAM8W/o8axvdOf8="></latexit><latexit sha1_base64="lh1cb6i60cgCrAM8W/o8axvdOf8="></latexit><latexit sha1_base64="7MFTh1lvgeW2znGFvb9DQkW/SGk="></latexit>

M =

✓
2 1
1 1

◆

<latexit sha1_base64="zj33EFQG5zCilNx7UE5hSJfff9k="></latexit><latexit sha1_base64="RQZkYDKbNG1Lk91QI7RrEmQRc9M="></latexit><latexit sha1_base64="RQZkYDKbNG1Lk91QI7RrEmQRc9M="></latexit><latexit sha1_base64="73gmXY2LYKAiuclpG89VxnIVzqA="></latexit>

gato perturbado

Lyapunov



Ûpcat = e�i2⇡( p2

2N �kN cos(2⇡p/N))e�i2⇡( q2

2N +kN cos(2⇡q/N))
<latexit sha1_base64="53+LcaATIWT9/yqfY3O4M1SucBw="></latexit><latexit sha1_base64="CVUsAaD7p/uLK+1h1vnm1sgQ0w0="></latexit><latexit sha1_base64="CVUsAaD7p/uLK+1h1vnm1sgQ0w0="></latexit><latexit sha1_base64="+nqSJ9lWJrM7m+TNiA5EjiEJxLE="></latexit>

gato perturbado cuántico

F †U2FU1| i
<latexit sha1_base64="YDH/r5xMq2IBcvDzbskRh787MFA="></latexit><latexit sha1_base64="+q6Qn53uyrTsQmkOHkerO2Y//CY="></latexit><latexit sha1_base64="+q6Qn53uyrTsQmkOHkerO2Y//CY="></latexit><latexit sha1_base64="t5jvoExxHYw7s//VWuqbR2IKRgc="></latexit>

eficiente numéricamente

mapas pateado: standard, Harper …



transforman clásicamente

T̂⇠ = V̂ ⇠q Û ⇠p⌧ ⇠q⇠p
<latexit sha1_base64="WtpqnGWweoiHwCs+DHDKuh2u200="></latexit><latexit sha1_base64="zUACD59mbu8mfASxb95bY9o1G3A="></latexit><latexit sha1_base64="zUACD59mbu8mfASxb95bY9o1G3A="></latexit><latexit sha1_base64="XfnqZeNRXcEtxjrTQNpNdlSQkEQ="></latexit>

T̂⇠T̂� = ⌧<⇠,�>T̂⇠+�
<latexit sha1_base64="fTJ0OAp2iGtNXW0D2ovRg1bse6E="></latexit><latexit sha1_base64="J7EMIY5D5npoxw/1owcNRmBWVaQ="></latexit><latexit sha1_base64="J7EMIY5D5npoxw/1owcNRmBWVaQ="></latexit><latexit sha1_base64="rF+W7SyyzC89bpsiHFNJ7nektPQ="></latexit>

h
T̂⇠, T̂�

i
= 2i sin

⇣ ⇡

N
< ⇠,� >

⌘
T̂⇠+�,

<latexit sha1_base64="WfvRDNePFiABSPjOutlHYabDRyI="></latexit><latexit sha1_base64="PNRN+jHQAeky3jJ+opkM335iSFU="></latexit><latexit sha1_base64="PNRN+jHQAeky3jJ+opkM335iSFU="></latexit><latexit sha1_base64="CPgsAkXNF4KDuW6O8mdhJ1EIZYo="></latexit>

T̂Mt⇠ = Û†t
M T̂⇠Û

t
M .

<latexit sha1_base64="M7sssUTJ1U8I2IBOIJipkMWRBTs="></latexit><latexit sha1_base64="GM23yP01dUqo4241rPDsEysF6uo="></latexit><latexit sha1_base64="GM23yP01dUqo4241rPDsEysF6uo="></latexit><latexit sha1_base64="ZaDL+ga+XE4sFcq5wGh71xmNZKk="></latexit>

⇠q
<latexit sha1_base64="OxlfJTxIKlPZaM229s5rVHzM5cw="></latexit><latexit sha1_base64="uzIwsQAGiS1TRSvgR5Rhntero1I="></latexit><latexit sha1_base64="uzIwsQAGiS1TRSvgR5Rhntero1I="></latexit><latexit sha1_base64="50xEHLslMPpkZMffJU55MwmJy7g="></latexit>

⇠p
<latexit sha1_base64="PxzOoWIAOxG6QCWPoCdtNx6KDFs="></latexit><latexit sha1_base64="ROizuabRAPZdYZY8BIl1B56qFNI="></latexit><latexit sha1_base64="ROizuabRAPZdYZY8BIl1B56qFNI="></latexit><latexit sha1_base64="Qrrr746Y9tmcLCsNHJw6s4T+EQU="></latexit>

⇠
<latexit sha1_base64="zY9mdmeHCLDIJqSX3RuCvqyYn3s="></latexit><latexit sha1_base64="tN2jFDyoCjpvbpH4Oxe6Kzw+QBY="></latexit><latexit sha1_base64="tN2jFDyoCjpvbpH4Oxe6Kzw+QBY="></latexit><latexit sha1_base64="mXXK3/jV2qyGuOsz9Fr0BYfpNOk="></latexit>

Traslaciónes

τ = eiπ/N



C(t) = � 1

N
Tr

⇣
[F̂⇠(t), F̂�]

2
⌘
= sin2(

⇡

N
< M t⇠,� >)

<latexit sha1_base64="9soQp5fZ5GRSNBNoUXYoDJOkwys="></latexit><latexit sha1_base64="BONOJuM6kJkvAfryAfRJTmvrNaw="></latexit><latexit sha1_base64="BONOJuM6kJkvAfryAfRJTmvrNaw="></latexit><latexit sha1_base64="99AlIwZ9tKURVrcFrX5YzrgTnpE="></latexit>

F̂⇠ =
T̂⇠ � T̂ †

⇠

2i
,

<latexit sha1_base64="PO5uy2tOTnISVZKbAQKKuWkDm+g="></latexit><latexit sha1_base64="WoELAvN/RV6fo+yOSZ8rM150SQ8="></latexit><latexit sha1_base64="WoELAvN/RV6fo+yOSZ8rM150SQ8="></latexit><latexit sha1_base64="ZY2DLpWcAt1Xz0erK9FsdUu9RoU="></latexit>

< X,Y >= (x1, x2)

✓
0 �1
1 0

◆✓
y1
y2

◆

<latexit sha1_base64="5eQXKWJyNXCYS9FLoDW9zxgRJAI="></latexit><latexit sha1_base64="Pos8jo6qOl+DUvjs9JGk6A441UI="></latexit><latexit sha1_base64="Pos8jo6qOl+DUvjs9JGk6A441UI="></latexit><latexit sha1_base64="4pkaAAHILwQSuhkEzbR8Yyv7pa0="></latexit>

definimos hermíticos

"
Û t

T̂⇠ � T̂ †
⇠

2i
Û †,

T̂� � T̂ †
�

2i

#

<latexit sha1_base64="UtMQkG9PcsIkSWhyJqp3/Fxcb14="></latexit>

= �1

4

h
T̂Mt⇠ � T̂ †

Mt⇠, T̂� � T̂ †
�

i

<latexit sha1_base64="K+F4QcGFjF+RrGAt1cu+7qdn5Rs="></latexit>

=
i

2
sin

⇣⇡
d
< M t⇠,� >

⌘⇣
T̂M 0⇠+� + T̂M 0⇠�� + T̂ †

M 0⇠+� + T̂ †
M 0⇠��

⌘

<latexit sha1_base64="+WtTN684SH/91f+0aX6nMkW6B9Y="></latexit>



C(t) = � 1

N
Tr

✓h
X̂t, P̂

i2◆
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X̂ =
Û � Û†

2i
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P̂ =
V̂ � V̂ †

2i
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Shift operators

T̂(1,0) ⌘ Û =
X

q2ZN

|qihq|e2⇡q/N

<latexit sha1_base64="Spj70IXKAFCFuBTq6+cON7uOFMI="></latexit>

T̂(0,1) ⌘ V̂ =
X

q2ZN

|q + 1ihq|
<latexit sha1_base64="9Oslzbpsp/tZS5Nfyybx7w/1e8U="></latexit>



C(t) = sin2
⇣⇡at

N

⌘
⇡

⇣⇡at
N

⌘2
=

⇡2

N2
e2�t
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= sin2(

⇡

N
< M t⇠,� >)
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< M t⇠,� >= �at
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X̂ = F̂(1,0)
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M t =

✓
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ct dt

◆
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◆
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Lyapunov

analítico para el gato sin perturbar



R. A. Jalabert, IGM, and D. A. Wisniacki, Phys. Rev. E 98, 062218 (2018). 
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enfoque semiclásico en el billar de Bunimovich
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Spacing ratios 
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• Random ntot initial conditions (q(0)i , p(0)i )

• Evolve map up to tmax

• If ||(q(t)i , p(t)i )� (q(0)i , p(0)i )|| < d then stop.

• Record tf

• Else stop at tmax

• rch = ntmax
ntot

⇡ size of chaotic region

• rreg = 1� rch ⇡ size of regular region
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 : Hilbert space dimensionD



cadena de Heisenberg con un campo aleatorio

 chicot

estudios de transición MBL
Luitz, Laflorencie & Alet 

PRB 91, 081103(R) (2015)(review @ Alet & Laflorencie,  C. R. Physique 19 (2018) 498–525) 



  spin site basis  
10% center of the spectrum
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promedio sobre  realizaciones > 100

chain of length  with   
 

L = 9
N = 5

 E. Fortes, I.G-M., R. Jalabert & D.A. Wisniacki, PRE 100, 042201 (2019)

benchmark



Modelo XXZ perturbado

Modelo de Ising con campo magnético 
inclinado

Resultados equivalentes para  
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Ĥ1 =
L�3X

i=0

(Ŝx
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 E. Fortes, I.G-M., R. Jalabert & D.A. Wisniacki, PRE 100, 042201 (2019)

Next Nearest Neighbor



Li et al., PRX 7, 031011 (2017)

Ĥ = ∑i (− ̂σz
i ̂σz

i+1 + g ̂σx
i + h ̂σz

i)

integrable mixed chaotic

Cadenas chicas

tiempo corto

OTOC medido en una simulacion 
de una cadena de Ising en NMR
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L = 4

L = 4, 6, 8

Δt ∼ 103

Δt ∼ 103

E.M. Fortes, IG-M, R.A. Jalabert, D. A. Wisniacki. EPL, 130 (2020) 60001.
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Summary 

fast scramblers  
(q. maps, black holes, SYK) : Lyapunov

Slow scramblers 
(spin chains) : power law

chaos fingerprint  
in both slow and fast 
scramblers



One more thing



tiempo “intermedio”



most works have focused on the initial times

initial operator spreading

scrambling

butterfly 

effect



separación exponencial

mixing

Caos clásico: 2 características
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Lyapunov  

Ruelle-Pollicott 

OTOC

OTOC debería tener los dos (Polchinsky 2015) 

tiempo chico tiempo 
intermedio

Caos



resonancias de Ruelle-Policott

autovalores aislados del operador de 

Koopman-Perron-Frobenius

Determinan el decaimiento de las 

correlaciones

Blank, Keller & Liverani Nonlinearity 15 (2002) 
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iterar (tipo Krylov)

truncar

matriz chica (dependiendo de   

). Necesita evolución 

eficiente
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matriz más grande (~O(N)),  
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ℏ ∼ 1/N matriz N2 × N2
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OTOC resultados numéricos
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Ûpcat = e�i2⇡( p2

2N �kN cos(2⇡p/N))e�i2⇡( q2

2N +kN cos(2⇡q/N))
<latexit sha1_base64="53+LcaATIWT9/yqfY3O4M1SucBw="></latexit><latexit sha1_base64="CVUsAaD7p/uLK+1h1vnm1sgQ0w0="></latexit><latexit sha1_base64="CVUsAaD7p/uLK+1h1vnm1sgQ0w0="></latexit><latexit sha1_base64="+nqSJ9lWJrM7m+TNiA5EjiEJxLE="></latexit>

X̂t = (Û†
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Perturbed XXZ model
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(Ŝx
i Ŝ
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e.g. L. F. Santos, F. Borgonovi, and F. M. Izrailev, 
Phys. Rev. E 85, 036209 (2012) 



  spin site basis  
10% center of the spectrum
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chain of length  with   
 fixed spins up (or down) 
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Parity symmetry 



Ising model with tilted magnetic field

(see e.g. Karthik, Sharma & Lakshminarayan, PRA 75 022304 (2007))
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Deven = 2080

Parity Symmetry 

Full space  
 

D = 2L

L = 8

θ = 0, π/2
Integrable, highly degenerate 

noninteracting fermions

0 < θ < π/2
Integrable, highly degenerate 
interacting fermions (chaos)

see e.g. J. Karthik, A. Sharma, and A. 
Lakshminarayan, Phys. Rev. A 75, 022304 (2007)
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operadores no locales
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magnetización total a lo largo de μ
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